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Efficient time-independent wave packet scattering calculations within
a Lanczos subspace: H¿O2 J˜0 state-to-state reaction probabilities
Hong Zhang and Sean C. Smitha)
Department of Chemistry, School of Molecular and Microbial Sciences, The University of Queensland,
Qld 4072, Brisbane, Australia
~Received 26 March 2001; accepted 2 November 2001!
An efficient Lanczos subspace method has been devised for calculating state-to-state reaction
probabilities. The method recasts the time-independent wave packet Lippmann–Schwinger equation
@Kouri et al., Chem. Phys. Lett. 203, 166 ~1993!# inside a tridiagonal ~Lanczos! representation in
which action of the causal Green’s operator is affected easily with a QR algorithm. The method is
designed to yield all state-to-state reaction probabilities from a given reactant-channel wave packet
using a single Lanczos subspace; the spectral properties of the tridiagonal Hamiltonian allow
calculations to be undertaken at arbitrary energies within the spectral range of the initial wave
packet. The method is applied to a H1O2 system (J50), and the results indicate the approach is
accurate and stable. © 2002 American Institute of Physics. @DOI: 10.1063/1.1429951#
I. INTRODUCTION
Quantum calculations based on iterative methods have
become increasingly common in recent years. These methods
are useful especially for large molecular systems since they
do not require explicit storage of the Hamiltonian matrix,
rather only the multiplication of the Hamiltonian by a vector.
When combined with a sparse representation of the Hamil-
tonian such as a discrete variable representation ~DVR!,1
both memory and CPU time can be reduced dramatically.
Notably, Chebyshev and Lanczos iterative methods have
been widely applied in both bound and continuum problems.
Within the reaction dynamics community, Kosloff et al.2
were the first to introduce the Chebyshev polynomial expan-
sion of the evolution operator, exp(2iHˆ t/\). Subsequently,
very important and useful developments were made by other
research groups. Kouri and co-workers3–5 derived a time-
independent ~TI! wave packet-Lippmann–Schwinger equa-
tion and presented a Chebyshev expansion expression of the
causal Green’s operator. Mandelshtam and Taylor6–8 intro-
duced a very efficient scheme for the representation of a time
~energy!-dependent wave packet under dissipative boundary
conditions in terms of a polynomial expansion with a real
damped Chebyshev recursion. This has allowed very signifi-
cant computational advances to be made. It is also important
to note that Guo and Chen9,10 have developed related ap-
proaches and Neuhauser et al.11–13 have utilized the real
damped Chebyshev algorithm in related fields such as sur-
face scattering by their filter diagonalization ~FD! scheme.
Recently, very efficient real wave packet algorithms have
been developed by Gray and Balint-Kurti.14,15 In their ap-
proach, the real part of an evolving wave packet is propa-
gated with a Chebyshev scheme, while all the valuable infor-
mation ~e.g., S matrix elements! can still be obtained.
It is becoming quite popular to use methods based upon
the Lanczos iterative algorithm, which generates a tridiago-
nal representation of the Hamiltonian through a three
-term vector recursion.16,17 There have been many applica-
tions of such methods in both bound and resonance
calculations.11,18–37 Additionally, during the last decades,
some important theoretical tools have been honed, including
the recursive residue generation method,19 the spectrally
transformed Lanczos algorithm;33 and FD methods.31,34,35
For large molecular systems, FD performed inside a Lanczos
subspace31,34,37 proves to be very useful for many reasons.
First, it allows one to select an energy range of interest and
then demands only the solution of a set of small generalized
eigenproblems. Second, inside the subspace, eigenfunctions
can be easily calculated by solving a quasiminimum-residual
equation38 or through a more efficient three-term recur-
sion.32 Besides, since the calculation is carried out within the
Lanczos representation, one does not incur the memory cost
of having to explicitly store the filtered states in the primary
representation. For scattering calculations, it is also possible
to calculate S matrix elements from resonance energies and
wave functions.39,40 However, since only narrow resonances
can be accurately calculated by FD, the background contri-
bution from broad resonances would be neglected in such an
approach. It is therefore necessary to introduce a more direct
and accurate method to calculate the scattering wave func-
tion and S matrix elements in a Lanczos subspace. This is the
motivation for developing a Lanczos subspace TI wave
packet method ~also see Ref. 41!. In this paper we will apply
this method to three-dimensional reactive scattering of H
1O2 .
The potential energy surface of HO2 supports a deep
well,42 making HO2 a somewhat challenging system. Due to
its importance in combustion chemistry and atmospheric
chemistry, several groups43–51 have performed rigorous
quantum scattering calculations on this system. Most have
been focused on initial state selected total reaction probabili-
ties or cumulative reaction probabilities. Only two calcula-
a!Author to whom correspondence should be addressed. Fax: 61-7-3365-
7562; electronic mail: s.smith@chemistry.uq.edu.au
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tions have provided complete state-to-state reaction prob-
abilities by using hyperspherical coordinate and time-
dependent ~TD! wave packet methods.45,48 Much comp-
utational effort is required to extract state-to-state informa-
tion because one has to propagate the wave packet into the
product arrangement ~longer times are required in the TD
method, or, analogously, more iterations in the TI frame-
work!. Also, one has to use a large grid for the final state
analysis and to store the correlation functions for the final
analysis. Of course, these state-to-state probabilities can pro-
vide deep insight into the intricate dynamics of chemical
reactions.
This article is organized as follows: We present a new
Lanczos TI wave packet method in Sec. II, and then in Sec.
III we present the results of the three-dimensional reactive
scattering calculations performed on the H1O2 system. In
Sec. IV we conclude.
II. METHODOLOGY
As a starting point for our derivations, we quote a gen-
eral expression for S matrix elements given in terms of the
causal Green’s function ~see Refs. 52–56!:
Sba~E !5
i
2paa~E !ab*~E !
^xbuGˆ 1~E !uxa& . ~1!
Three specific equations for S matrix elements have been
discussed by Zhang et al.45 Of these, we use the scattering
amplitude expression,
Sba~E !5
i
aa~E !
A kb2pmb e2ikbR‘
3E
0
‘
dt eiEt^R‘u^wbue2iH
ˆ txa&, ~2!
since it is simple to use with the product Jacobi coordinates
that we employ in our calculations. The above formula can
be further simplified,
Sba~E !5
i
aa~E !
A kb2pmb e2ikbR‘
3^wb~r ,u!uca~E;R‘ ,r ,u!&, ~3!
since the scattering wave function can be written as
uca~E !&5
i
2p
Gˆ 1~E !uxa&
5
i
2p
1
E2Hˆ 1igˆ
uxa&
5
1
2p
E
0
‘
exp~ iEt !exp~2iHˆ t !uxa&, ~4!
where kb5A2mb(E2«b)/\2, with «b being the internal en-
ergy of the OH product ~expressions for ka and k0 are simi-
lar!. Equation ~4! is the TI wave packet Lippmann–
Schwinger equation of Kouri et al.,3 and is the central
equation in our Lanczos method. One can get uca(E)& @for
simplicity, uca(E)&[uc(E)& in the following context# either
via a TD wave packet method ~time propagation followed by
partial Fourier transformation! or through a TI wave packet
method such as expansion of the Green’s operator using
Chebyshev polynomials.
Equation ~4! can be rearranged as a linear system,
~E2Hˆ 1igˆ !uc~E !&5
i
2p uxa&. ~5!
For a large molecular system, it is not trivial to solve this
linear system. To make things simpler, we transform this
linear system from the primary representation to a tridiago-
nal ~Lanczos! representation. Inside the subspace, the linear
system takes the form
~E2TM !uf~E !&5ue1& , ~6!
which is easily solved by a QR algorithm. In Eq. ~6!, TM is
the Lanczos representation of the primary complex Hamil-
tonian, Hˆ 85Hˆ 2igˆ ,ue1& is the first column of the M3M
identity matrix, and uf(E)& is the scattering wave function
represented in the Lanczos subspace.
We employ the Lanczos algorithm16 for complex-
symmetric matrices57 to set up the Lanczos subspace. Start-
ing with a normalized initial vector un1&5uxa& and setting
b150, we use the three-term vector recursion,
bk11unk11&5Hˆ 8unk&2akunk&2bkunk21&, ~7!
to generate TM with diagonal elements, ak5(nkuHˆ 8unk), and
subdiagonal elements, bk5(nk21uHˆ 8unk). Note that the ele-
ments are computed with a complex-symmetric inner prod-
uct is used ~i.e., the bra states are not complex conjugated!.
The initial wave packet, uxa&, is chosen to be the prod-
uct of a localized translational wave packet in the scattering
coordinate, R8 say, and a specific rovibrational eigenfunction
in the remaining reactant coordinates ~r8 and u8 for our pur-
poses!:
uxa&5g~R8!fn0~r8!P j0~u8!, ~8!
with g(R8)5(1/ps2)1/4 exp@2(R82R08)2/2s2#exp(2ik0R8).
The momentum representation of the translational compo-
nent is analytical, and given by
g¯~2k !5E
0
‘
exp~ ikR8!g~R8!dR8
5~4ps2!1/4Fexp@ i~k2k0!R08#
3expS 2 s22 ~k2k0!2D G . ~9!
In the calculations reported below we utilize the product
Jacobi coordinate system (R ,r ,u). It will be apparent, then,
that here one must transform between product Jacobi coordi-
nates (R ,r ,u) and reactant coordinates (R8,r8,u8) in order
to calculate uxa& properly.
After establishing the Lanczos subspace, we calculate
the quasiminimal residual solution of the linear system in Eq.
~6! by performing the QR factorization,38
~E2T¯ M !5QM111 FRM0 G , ~10!
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where QM11 is a unitary matrix ~1 indicates the Hermitian
adjoint!. Only the elements of the upper-triangular matrix
RM with bandwidth 3 and the vector u t˜M11&5QM11ue1&
need to be stored. The subspace scattering wave function is
obtained via
uf~E !&5RM
21u t˜M&. ~11!
The Lanczos subspace is independent of a constant energy
shift, E. Hence, we are able to solve the linear system in Eq.
~6! for arbitrary E and obtain all desired subspace scattering
wave functions.
Having obtained uf(E)&, it is straightforward to com-
pute state-to-state S matrix elements from Eq. ~3! since wave
functions in the primary and Lanczos representations are re-
lated through
uc~E !&5VMuf~E !&5(
i51
M
f i~E !n i , ~12!
where the orthonormal Lanczos matrix, VM , tridiagonalizes
the primary Hamiltonian. The state-to-state reaction prob-
abilities are now given by
Pab~E !5uSab~E !u25
\kakb
ug¯~2ka!u2mamb
uDab~E !u2, ~13!
where the overlap integral is
Dab~E !5^wb~r ,u!uc~E;R‘ ,r ,u!&
5(
i51
M
f i~E !^wb~r ,u!un i~R‘ ,r ,u!&
5(
i51
M
f i~E !ci
b
. ~14!
Here we have used the relationship for aa(E) in Eq. ~3!:
aa~E !5A ma2p\ka E eikRg~R !dR5A
ma
2p\ka
g¯~2ka!.
~15!
The vectors $ucb&% are the overlap integrals of the primary
internal OH states uwb&5fv(r)P j(u) onto the Lanczos vec-
tors, and can be easily accumulated as the Lanczos recursion
progresses. Thus, by a single Lanczos run one can calculate
all the state-to-state reaction probabilities for energies within
the spectral range of the initial wave packet.
III. RESULTS
A. Hamiltonian and convergence test
The triatomic HO2 Hamiltonian with total angular mo-
mentum J50 is written in terms of product Jacobi coordi-
nates as
Hˆ 52
\2
2mO,OH
1
R
]2
]R2 R2
\2
2mOH
1
r
]2
]r2
r
1
\2
2 S 1mO,OHR2 1 1mOHr2D jˆ 21V~R ,r ,u!, ~16!
where R is the separation of O from the center of mass of
OH, r is the O–H separation, and u is the bend angle. mO,OH
and mOH are corresponding reduced masses. The HO2
DMBE IV potential energy surface42 V(R ,r ,u) is utilized in
this calculation. It has an equilibrium geometry of Re
52.543 293a0 , re51.834 523a0 , and ue51.861 684 rad
with a dissociation energy of 2.378 377 eV to the H1O2
limit.
The Hamiltonian was then represented in a potential-
optimized discrete variable representation58 ~PO DVR!. For
the R coordinate, we used NR5126 PO DVR points, which
were contracted from 360 primary evenly spaced DVRs
spaning the range from 0.5a0 to 12.5a0 with the one-
dimensional reference potential V(R ,re ,ue). Similarly, for
the r coordinate, Nr5142 PO DVR points were obtained
from 426 primary DVRs spaning the range from 1.3a0 to
15.5a0 using the reference potential V(Re ,r ,ue). For the u
variable, we used Nu543 Gauss–Legendre quadrature DVR
points. The resulting direct product basis set was further con-
tracted by discarding those points whose potential energies
were higher than the cutoff energy Vcutoff54.0 eV, resulting
in the final basis size of 280 565.
We have chosen to implement the calculations in the
product Jacobi coordinate system because this facilitates
simple and accurate evaluation of the scattering amplitudes
into the manifold of energetically allowed asymptotic prod-
uct channels, as in Eqs. ~2! and ~3! above. As emphasized by
Zhang et al.,45 this scattering amplitude formulation in prod-
uct Jacobi coordinates has attractive numerical advantages.
However, it should be noted that for this specific reaction the
reactant Jacobi coordinate system is attractive for a different
reason. It is well established that only odd nuclear rotational
levels of O2 are involved in the scattering of H1O2 . In the
reactant Jacobi coordinates, one can construct a symmetry-
adapted basis ~i.e., odd symmetry only! for the angular coor-
dinate of the O2 moiety, thereby reducing the total size of the
basis set and, in principle, speeding up the Hamiltonian
matrix-vector multiply operations. In the product Jacobi co-
ordinates, O–O exchange is not associated with any one co-
ordinate in this manner, and so this advantage cannot be
exploited.
In the product-Jacobi calculation, the restriction to odd
O–O exchange parity is accounted for in the construction of
the initial wave packet with j odd ~j51 in this paper!. In
exact algebra, this initial wave packet that possesses odd
O–O exchange parity cannot be coupled by action of the
Hamiltonian ~and hence the Green’s operator! to states of
even O–O exchange parity due to the intrinsic symmetry
properties of the Hamiltonian. Thus, the symmetry require-
ments are correctly incorporated even though the basis states
formulated in the product Jacobi coordinate system are not
eigenfunctions of the O–O exchange symmetry operator. We
note that, through the accumulation of numerical error during
the recursion, there is still the possibility of some symmetry
contamination appearing in the final scattering probability
profiles. This is an issue that to the best of our knowledge
has not been explored in detail in the context of reactive
wave packet scattering calculations, and is the subject of an
ongoing investigation in our lab. Of course, for a general A
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1BC reaction, where there is no intrinsic symmetry, the
scattering amplitude method based on product Jacobi coordi-
nates will still be the most efficient approach to calculate
state-to-state reaction probabilities.
The Hamiltonian has been augmented in the R and r
coordinates with a complex absorbing potential in order to
impose the required dissipative boundary conditions. The ab-
sorbing potential takes the following form (z5R ,r):
gˆ~z !5
g0
cosh2~@~zmax2z !#/l!
, ~17!
where zmax is the maxima in R or r coordinate, and V0 and l
are two adjusting parameters. In this calculation Rmax
512.5a0 , V052.0 eV, and l50.5a0 in the R coordinate;
rmax515.5a0 , V052.0 eV, and l50.2a0 in the r coordinate.
To check the convergence, one can typically compute the
error norm about the scattering energy E,
r5i~TM2E !uf~E !&2ue1&i , ~18!
as the subspace increases. Figure 1 shows the convergence
behavior at two scattering energies for the state-to-state re-
active probabilities associated with H1O2 (n050,j051)
→OH(n50,j50)1O. It is apparent that a value of M
570 000 can well converge the probabilities at this energy
range, and even at M540 000 the error norm has dropped to
1026. As Pack et al. have pointed out,48 the state-to-state
probabilities associated with the ground reactant and ground
product quantum states are the most sensitive ones to con-
verge. The most highly averaged quantities, namely the cu-
mulative reaction probabilities, converge quicker in compari-
son to the state-to-state reaction probabilities. For the state-
to-state reaction probabilities, the low-energy probabilities
converge more slowly than the high-energy ones. Figure 2
shows the most sensitive low-energy state-to-state reactive
probabilities for three subspace sizes. The differences be-
tween the curves are minor, and only several resonances in
the lowest part differ slightly as the subspace is increased
from a size of 40 000 to 100 000. Thus, we believe M
540 000 is quite sufficient for converging most of the state-
to-state reactive probabilities and total reaction probabilities
for a given initial rovibrational state.
B. Analysis
All state-to-state reactive probabilities associated with
the ground O2 reactant state (n050,j051) and ground OH
product states (n50,j) with j50 – 15 as well as vibra-
tionally excited product OH states (n51,j) with j50 – 7
have been calculated, and selected results are presented in
Fig. 3. It is apparent that the reaction probabilities are domi-
nated by narrow and overlapping resonances. The overall
shapes between present results and the previous calculations
using both a TD method45 and the TI coupled channel hyper-
spherical method48 are in general agreement, although some
resonance positions and widths are different ~see, e.g., Fig. 1
of Ref. 29 and Fig. 2 in this article!. As Meijer and
Goldfield50 have pointed out, for the H1O2 system the com-
puted resonance structure and hence the profile of reaction
probabilities as a function of energy will be sensitive to
many details of the calculations ~DVR grid spacings, method
of imposing absorbing boundary conditions, etc.!. This not-
withstanding, one does expect that the overall profile and any
prominent features will agree among different computational
methods. We note that the prominent peak at 0.88–0.89 eV
with a slight shoulder on the lower-energy side appears also
in the earlier calculations.45,48 The narrow peaks at lower
energy ~0.81–0.83 eV! display a significantly higher peak
amplitude in our calculations than in the earlier works.
Figure 4 shows two selected rotational state distributions
of the product OH (n50) at scattering energy E50.92 eV
~a!, and of the product OH (n51) at a relatively high scat-
tering energy E51.39 eV ~b! at which the n51 rotational
manifold has opened. For the n50 rotational distributions,
we can also compare this calculation with the results of
Zhang et al.,45 while the n51 rotational distributions are
reported here for the first time. The general features between
FIG. 1. A plot of the logarithmic error norm vs the order, M, of the Lanczos
subspace for the state-to-state reactive probabilities from H1O2 (n050,j0
51)→OH (n50,j50)1O at two scattering energies E51.112 eV ~solid
line!, and E51.3754 eV ~dashed line!.
FIG. 2. The low-energy state-to-state reactive probabilities from ground
state reactants O2 (n050,j051) to ground state products OH (n50,j50)
for three Lanczos iterations: M540 000 ~solid line!, 70 000 ~long dash!, and
100 000 ~short dash!.
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our calculations and Zhang et al.’s for n50 are similar, e.g.,
the maximum P( j) is the same. However, the detailed dis-
tributions are different. Although the features are also sensi-
tive to the specific scattering energy, the reaction tends to
favor the production of rotationally excited OH. This is also
in agreement with the previous calculations of Zhang et al.
and Pack et al. for n50.
In Fig. 5 we plot the branching ratio of rotation-summed
reaction probabilities for the product OH n51 and n50
vibrational levels. At this energy range only two vibrational
channels have opened. From this figure we can see that this
reaction only produces a small fraction of vibrationally ex-
cited OH product. The vibrational distributions fluctuate be-
tween energies, but the general trend is that the ratio in-
creases with energy.
After acquiring all the state-to-state reaction probabili-
ties from O2 (n050,j051) to all the energetically accessible
OH product states, it is straightforward to calculate total re-
action probabilities from a given reactant state. In Fig. 6 we
plot the total reaction probabilities from the ground rovibra-
tional O2 state in the energy range from 0.8 to 1.4 eV for a
comparison. Only a limited number of rigorous quantum cal-
culations have been so far performed for the total reaction
probabilities. While our total reaction probabilities are quali-
tatively similar to previous calculations45,48,50 ~e.g., the total
reaction probabilities increase rapidly from about 1.25 eV!,
the fine structure is different, as indeed it differs between the
cited references. It should be mentioned that Meijer and
FIG. 3. ~a! The calculated state-to-state reactive probabilities from the
ground state of O2 (n050,j051) to product OH states (n50,j) with j
50. ~b! The same as ~a!, but for product OH states (n51,j) with j50.
FIG. 4. ~a! Rotational state distributions of the product OH (n50) for E
50.92 eV. ~b! Similar to ~a!, but for product OH states (n51) and E
51.39 eV.
FIG. 5. Vibrational branching ratio between OH n51 and n50 vibrational
levels.
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Goldfield50 have also calculated the total probabilities for J
.0, but without final state resolution. A particular feature of
our calculations as revealed in Fig. 6 is that the peaks are
sharper and have higher amplitude than in the earlier calcu-
lations, although, as mentioned, the overall profile ~averag-
ing out the fine structure fluctuations! is quite similar. It is
possible that this is related to the fact that the Lanczos-based
methods developed in our lab are very efficient in character-
izing resonances,32,59 and hence the state-to-state reactive
scattering implementation presented here is picking up
resonance-induced peak amplitudes not resolved in the ear-
lier calculations. In this context it is worthy of note that the
calculations of Meijer and Goldfield, performed for different
total propagation times ~Fig. 1 of Ref. 50!, indicate that their
peaks sharpen and gain higher amplitude as the propagation
time becomes longer.
IV. CONCLUSION
In this paper we have implemented a Lanczos subspace
algorithm for state-to-state reactive scattering and have ap-
plied it to the H1O2 reaction. In our algorithm, the TI wave
packet Lippmann–Schwinger equation is first; transformed
from a primary representation to a Lanczos subspace inside
which we solve the tridiagonal linear system by a QR algo-
rithm. From a single Lanczos run, all the state-to-state S
matrix elements, product state distributions, and total reac-
tion probabilities from a given reactant channel wave packet
can be obtained at any desired energy in the spectral range of
the initial wave packet.
The results indicate that H1O2 scattering is dominated
by resonances ~most of them are overlapping!, and the inter-
ferences among them lead to very complicated reaction dy-
namics. This has been shown in state-to-state reaction prob-
abilities, product state distributions, and initial-state-resolved
reaction probabilities. The reaction mainly produces rotation-
ally excited OH products with only a small fraction in vibra-
tionally excited states.
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